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GENERATING THE MAPPING CLASS GROUP BY
THREE INVOLUTIONS
OG˘UZ YILDIZ
Abstract. We prove that the mapping class group of a closed
connected orientable surface of genus g is generated by three invo-
lutions for g ≥ 6.
1. Introduction
The mapping class group Mod(Σg) of a closed connected orientable
surface Σg of genus g is the group of orientation–preserving diffeomor-
phisms of Σg → Σg up to isotopy. We are interested in generating
Mod(Σg) by three involutions, elements of order two.
We deal with the next attractive question suggested by Brendle-Farb
and Kassabov. Korkmaz and Margalit gave place to the question in [7]
and [12]: Is Mod(Σg) generated by three involutions for g ≥ 3?
Recently, Korkmaz [6] found a generating set consisting of three
involutions for the mapping class group Mod(Σg) for g ≥ 8. We proved
on Theorem 1 that the mapping class group Mod(Σg) is also generated
by three involutions if g ≥ 6.
Theorem 1. The mapping class group Mod(Σg) is generated by three
involutions if g ≥ 6.
We state the next corollary as in [6]. Since there is a surjective
homomorphism from Mod(Σg) onto the symplectic group Sp(2g,Z),
we have the following immediate result:
Corollary 2. The symplectic group Sp(2g,Z) is generated by three
involutions if g ≥ 6.
Dehn [2] proved that Mod(Σg) is generated by 2g(g−1) Dehn twists.
Lickorish [8] found a generating set of 3g−1 Dehn twists. Humphries [4]
proved that 2g + 1 is the minimal number of Dehn twists that can
generate Mod(Σg) and presented a generating set of 2g+1 Dehn twists.
Lu [9] obtained a generating set consisting of three elements, two of
which are of finite order.
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Maclachlan [11] was the first who showed that Mod(Σg) can be gen-
erated by torsions. McCarthy and Papadopoulos [13] proved that
Mod(Σg) can be generated by only using involutions. Note that for
homological reasons Mod(Σg) is not generated by involutions if g = 1
or g = 2. Stukow [14] showed that index five subgroup of Mod(Σ2) is
generated by involutions. So, we consider the case of g ≥ 3. Luo [10]
found an upper bound 12g + 2 for the number of involutions needed
to generate Mod(Σg). Brendle and Farb [1] decreased this number to
6. Kassabov [5] showed that four involutions are enough for g ≥ 7.
Recently, Korkmaz [6] found a generating set of three involutions if
g ≥ 8 and of four involutions if g ≥ 3.
2. An overview of mapping class groups
Throughout the paper we only deal with closed connected orientable
surfaces of genus g, Σg, as designed in Figure 1 so that the rotation
R by 2pi/g degrees about z-axis is a well-defined self-diffeomorphism
of Σg. The mapping class group Mod(Σg) of a closed connected ori-
entable surface Σg is the group of orientation–preserving diffeomor-
phisms of Σg → Σg up to isotopy. Diffeomorphisms and curves shall
be distinguished up to isotopy. For more detailed information on the
mapping class groups, one can be referred to [3]. We only use three
types of simple closed curves ai’s, bi’s and ci’s as shown on Figure 1
where 1 ≤ i ≤ g. In order to align with the notation of Korkmaz
in [6], we also denote simple closed curves by lowercase letters ai, bi, ci
and corresponding right Dehn twists by uppercase letters Ai, Bi, Ci or
by commonly used notation tai ,tbi ,tci , respectively. All indices shall be
thought as modulo g. Note that the composition of diffeomorphisms
f1f2 means that f2 is applied first and then f1 is applied second.
For any simple closed curves c1 and c2 on Σg and diffeomorphism
f : Σg → Σg, we use the following five basic facts along the paper for
many times:
First, we have ftc1f
−1 = tf(c1). Second, c1 is isotopic to c2 if and
only if tc1 = tc2 in Mod(Σg). Third, if c1 and c2 are disjoint, then
tc1(c2) = c2.
Commutativity: If c1 and c2 are disjoint, then tc1tc2 = tc2tc1 since
tc1tc2 = tc2t
−1
c2
tc1tc2
= tc2tt−1c2 (c1)
= tc2tc1 .
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Figure 1. The curves ai, bi, ci, the involutions ρ1, ρ2
and the rotation R on the surface Σg.
Braid Relation: If c1 and c2 are intersecting transversally at one
point, then we have tc1tc2tc1 = tc2tc1tc2 since
(tc1tc2)tc1(tc1tc2)
−1 = ttc1 tc2 (c1)
= tc2.
Dehn and Lickorish showed that the mapping class group Mod(Σg)
is generated by 3g − 1 Dehn twists about nonseparating simple closed
curves. After their work, Humphries [4] proved the following theorem.
Theorem 3. (Dehn-Lickorish-Humphries) The mapping class group
Mod(Σg) is generated by the set {A1, A2, B1, B2, . . . , Bg, C1, C2, . . . , Cg−1}.
Let R be the rotation by 2pi/g about the x–axis represented in Fig-
ure 1. Then, R(ak) = ak+1, R(bk) = bk+1 and R(ck) = ck+1. Korkmaz
found a generating set of four elements, one of which is the rotation
element R and each of the other elements is a product of two opposite
Dehn twists. Korkmaz [6] proved the following useful theorem as a
corollary to Theorem 3.
Theorem 4. If g ≥ 3, then the mapping class group Mod(Σg) is gen-
erated by the four elements R,A1A
−1
2 , B1B
−1
2 , C1C
−1
2 .
3. Two new generating sets for Mod(Σg).
In this section, we introduce a new generating set for the mapping
class group of Σ6 and a new generating set for the mapping class group
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of Σg for g ≥ 7. We use these sets to generate the mapping class group
by three involutions.
Define involutions ρ1 and ρ2 as rotations about the given axis on
Figure 1 by pi degrees. Recall that R denotes the 2pi/g–rotation of Σg
represented in Figure 1. It is a torsion element of order g in the group
Mod(Σg). We follow the idea of Korkmaz in [6] to create our generating
sets in the next lemmas as corollaries to Theorem 4. Our idea is to use
ρ1, ρ2 as the first two elements and products of Dehn twists as the last
element. Observe that R = ρ1ρ2.
We use the next lemma (Lemma 5) to create generating set of three
involutions for g = 6 and the second next lemma (Lemma 6) to create
generating set of three involutions for g ≥ 7.
Lemma 5. If g = 6, then the mapping class group Mod(Σg) is gener-
ated by three elements ρ1, ρ2 and A1C1B3B
−1
4 C
−1
5 A
−1
6 .
Proof. Let F1 = A1C1B3B
−1
4 C
−1
5 A
−1
6 . Let us denote byH the subgroup
of Mod(Σ6) generated by the set {ρ1, ρ2, F1}.
It suffices to show that H contains A1A
−1
2 , B1B
−1
2 and C1C
−1
2 by
Theorem 4. Now, we define a list of elements to prove the desired
result.
Let
F2 = RF1R
−1
= R(A1C1B3B
−1
4 C
−1
5 A
−1
6 )R
−1
= RA1R
−1RC1R
−1RB3R
−1RB−14 R
−1RC−15 R
−1RA−16 R
−1
= Rta1R
−1Rtc1R
−1Rtb3R
−1Rt−1b4 R
−1Rt−1c5 R
−1Rt−1a6 R
−1
= tR(a1)tR(c1)tR(b3)t
−1
R(b4)
t−1
R(c5)
t−1
R(a6)
= ta2tc2tb4t
−1
b5
t−1c6 t
−1
a1
= A2C2B4B
−1
5 C
−1
6 A
−1
1 .
Then, F2F1(a2, c2, b4, b5, c6, a1) = (a2, b3, b4, c5, c6, a1) so that
F3 = A2B3B4C
−1
5 C
−1
6 A
−1
1 ∈ H . Note that F2F1(c2) = b3 since
tF2F1(c2) = (F2F1)tc2(F2F1)
−1
= F2F1C2F
−1
1 F
−1
2
= C2B3C2B
−1
3 C
−1
2
= (tc2tb3)tc2(tc2tb3)
−1
= ttc2 tb3 (c2)
= tb3 .
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Figure 2. Proof of Lemma 5.
F1F2(a1, c1, b3, b4, c5, a6) = (a1, c1, c2, b4, b5, a6) so that
F4 = A1C1C2B
−1
4 B
−1
5 A
−1
6 ∈ H .
Let
F5 = R
2F3R
−2 = A4B5B6C
−1
1 C
−1
2 A
−1
3
and
F6 = F
−1
5 = A3C2C1B
−1
6 B
−1
5 A
−1
4 .
Then, F6F4(a3, c2, c1, b6, b5, a4) = (a3, c2, c1, a6, b5, b4) so that
F7 = A3C2C1A
−1
6 B
−1
5 B
−1
4 ∈ H .
Let
F8 = F4F
−1
7 = A1A
−1
3 .
F−18 F3(a1, a3) = (a1, b3) so that A1B
−1
3 ∈H and then by conjugating
A1B
−1
3 with R iteratively, we get AiB
−1
i+2∈H ∀i.
Let
F9 = B3B
−1
5 = (B3A
−1
1 )(A1A
−1
3 )(A3B
−1
5 ).
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F9F3(b3, b5) = (b3, c5) so that B3C
−1
5 ∈H and then BiC
−1
i+2∈H ∀i.
ρ1(B2C
−1
4 )ρ1 = B2C
−1
5 ∈H and then BiC
−1
i+3∈H ∀i.
B1B
−1
2 = (B1C
−1
4 )(C4B
−1
2 )∈H and then B3B
−1
4 ∈H .
A1A
−1
2 = (A1B
−1
3 )(B3B
−1
4 )(B4A
−1
2 )∈H .
C1C
−1
2 = (C1B
−1
5 )(B5C
−1
2 )∈H .
It follows from Theorem 4 that H = Mod(Σ6), completing the proof
of the lemma.
Lemma 6. If g ≥ 7, then the mapping class group Mod(Σg) is gener-
ated by three elements ρ1, ρ2 and A1C1B3B
−1
5 C
−1
6 A
−1
7 .
Proof. We follow a similar pattern to Lemma 5.
Let F1 = A1C1B3B
−1
5 C
−1
6 A
−1
7 and H be the subgroup of Mod(Σg)
generated by the set {ρ1, ρ2, F1}. It suffices to show that H contains
A1A
−1
2 , B1B
−1
2 and C1C
−1
2 . Assume g = 7. (Respectively, g ≥ 8.)
Let
F2 = RF1R
−1 = A2C2B4B
−1
6 C
−1
7 A
−1
1 .
(Resp., F2 = A2C2B4B
−1
6 C
−1
7 A
−1
8 ).
Then, F2F1(a2, c2, b4, b6, c7, a1) = (a2, b3, b4, c6, c7, a1) so that
F3 = A2B3B4C
−1
6 C
−1
7 A
−1
1 ∈ H . (Resp., F3 = A2B3B4C
−1
6 C
−1
7 A
−1
8 ).
Let
F4 = R
−1F3R = A1B2B3C
−1
5 C
−1
6 A
−1
7 .
Then, F4F3(a1, b2, b3, c5, c6, a7) = (a1, a2, b3, c5, c6, a7) so that
F5 = A1A2B3C
−1
5 C
−1
6 A
−1
7 ∈ H .
F4F
−1
5 = B2A
−1
2 so that B2A
−1
2 ∈H and then by conjugating B2A
−1
2
with R iteratively, we get BiA
−1
i ∈H ∀i.
Let
F6 = (A3B
−1
3 )F1 = A1C1A3B
−1
5 C
−1
6 A
−1
7
and
F7 = RF6R
−1 = A2C2A4B
−1
6 C
−1
7 A
−1
1 .
(Resp., F7 = A2C2A4B
−1
6 C
−1
7 A
−1
8 ).
Then, F7F6(a2, c2, a4, b6, c7, a1) = (a2, c2, a4, c6, c7, a1) so that
F8 = A2C2A4C
−1
6 C
−1
7 A
−1
1 ∈ H . (Resp., F8 = A2C2A4C
−1
6 C
−1
7 A
−1
8 ).
F−17 F8 = B6C
−1
6 so that B6C
−1
6 ∈H and then BiC
−1
i ∈H ∀i.
ρ2(B1C
−1
1 )ρ2 = B2C
−1
1 ∈H and then Bi+1C
−1
i ∈H ∀i.
C1C
−1
2 = (C1B
−1
2 )(B2C
−1
2 )∈H .
B1B
−1
2 = (B1C
−1
1 )(C1C
−1
2 )(C2B
−1
2 )∈H and then B3B
−1
4 ∈H .
A1A
−1
2 = (A1B
−1
1 )(B1B
−1
2 )(B2A
−1
2 )∈H .
It follows from Theorem 4 that H = Mod(Σg), completing the proof
of the lemma.
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Figure 3. Proof of Lemma 6 for g = 7.
4. Main Result
Lemma 7. If R is an element of order k in a group G and if x and
y are elements in G satisfying RxR−1 = y, then the order of Rxy−1 is
also k. In particular, if ρ is an involution element in a group G and if
x and y are elements in G satisfying ρxρ = y, then the element ρxy−1
is also an involution.
Proof. (Rxy−1)k = (yRy−1)k = yRky−1 = 1.
On the other hand, if (Rxy−1)l = 1 then (Rxy−1)l = (yRy−1)l =
yRly−1 = 1 i.e. Rl = 1 and hence k | l.
Now, we can prove Theorem 1.
Proof. Let ρ3 = R
2ρ1R
−2 and ρ4 = R
2ρ2R
−2.
Then, by Lemma 7 we have if g ≥ 7, then ρ3A1C1B3B
−1
5 C
−1
6 A
−1
7
is an involution since ρ3A1C1B3ρ3 = A7C6B5 and if g ≥ 6, then
ρ4A1C1B3B
−1
4 C
−1
5 A
−1
6 is an involution since ρ4A1C1B3ρ4 = A6C5B4.
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The mapping class group Mod(Σ6) of a closed connected orientable
surface of genus 6 is generated by three involutions ρ1, ρ2 and
ρ4A1C1B3B
−1
4 C
−1
5 A
−1
6 by Lemma 5.
If g ≥ 7, then the mapping class group Mod(Σg) is generated by
three involutions ρ1, ρ2 and ρ3A1C1B3B
−1
5 C
−1
6 A
−1
7 by Lemma 6.
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